The unique-continuation property from sets of positive measure is here proven for the time-independent N -electron magnetic Schrödinger equation. The uniquecontinuation property from sets of positive measure guarantees that if a solution of the Schrödinger equation vanishes on a set of positive measure, then it vanishes identically almost everywhere. We explicitly consider potentials of the form V = j v(x j ) and U = j =l u(x j , x l ).
Introduction

Background
In physics, chemistry and material science, the Schrödinger equation is the central equation since it describes the interactions between the building blocks of atoms and molecules. We are here concerned with the electronic part of this equation and consider a system of N interacting non-relativistic (spinless) electrons subjected to both an electric and a magnetic field. For the one-particle case and only an electric field, we know from general principles that the (unique) ground state in L 2 (R 3 ) can be chosen strictly positive almost everywhere (a.e.), Theorem 11.8 in [1] . In this article we address the fundamental question whether any eigenfunction of the magnetic Schrödinger operator
is non zero a.e. This is a problem of unique continuation.
We say that the Schrödinger equation H N ψ = eψ has the unique-continuation property (UCP) from sets of positive (Lebesgue) measure if a solution that satisfies ψ = 0 on a set of positive measure is identically zero a.e. Furthermore, the Schrödinger equation is said to have the strong UCP whenever ψ vanishes to infinite order at some point x 0 , i.e., for all m > 0 |x−x 0 |≤r |ψ(x)| 2 dx = O(r m ) (r → 0), then ψ is identically zero a.e. Additionally, if ψ = 0 on an open set implies that ψ vanishes identically a.e., then the Schrödinger equation has the weak UCP. The strong UCP implies the weak UCP. The UCP from sets of positive measure allows us to conclude ψ = 0 a.e. for any eigenfunction of H N . There exists a considerable amount of literature that treats the differential inequality |∆ψ| ≤ |ξ 1 ||∇ψ| + |ξ 2 ||ψ| [2, 3, 4, 5, 6, 7] .
loc (R n ), the corresponding differential equation ∆ψ = ξ 1 · ∇ψ + ξ 2 ψ has the UCP from sets of positive measure [7] . Directly applied to H N ψ = eψ, if a solution ψ in the Sobolev space H 2N/(N +2) loc (R 3N ) vanishes on a set of positive measure,
and each component of A belongs to L 3N loc (R 3N ), then ψ is identically equal to zero a.e. We here obtain results that are further adapted to the many-body molecular Schrödinger equation, using the work of Kurata and Regbaoui [6, 7] . This means that the specific structure of the potentials in (1) is exploited. Instead of L p loc constraints, where p increases with particle number, the N dependence enters through integrability conditions of the following kind
. This implies N j=1 f 1 (x j ) and 1≤j<l≤N f 2 (x j , x l ) are elements of the Kato class K 
Assumptions
Let the Hamiltonian H N be as in (1), the Schrödinger equation is then given by H N ψ = eψ.
We write
) and
are the coordinates of the j:th electron. Here (i∇ j + A(x j )) 2 enters T A instead of (−i∇ j + A(x j )) 2 in order to follow the notation in [6] . We use a slight variation of atomic units = 2m e = 1, such that the Laplace operator appears without a factor 1/2.
The electric potential V is a one-body potential given by V (x) = N j=1 v(x j ), where v : R 3 → R. The two-particle interaction U between the electrons is modeled by U(x) = 1≤j<l≤N u(x j , x l ), for some non-negative function u on R 3 × R 3 . We set W = V + U. 
where
The present work takes off from the following result:
and each component of A is an element of L vanishes on a set of positive measure then it is identically equal to zero a.e. Remark 1. See also Theorem 1.1 in [7] for the strong UCP and [4] for the weak UCP.
For N = 1, it suffices to assume that v,
loc to obtain the UCP from sets of positive measure. In the limit N → ∞, however, the assumptions in Theorem 1 tend to L ∞ loc . Thus, for fixed v, u and A (functions on R 3 ), the restrictions on the potentials become more severe with increasing particle number.
Following [6] the L p loc constraints (with p proportional to N) can be avoided.
Since we consider N electrons in three dimensions we put D = 3N. We write f = f + − f − , where
From the definition, we note that Q x 0 = j q 1;x 0 (x j ) + j =l q 2;x 0 (x j , x l ) for some functions q 1;x 0 and q 2;x 0 . Furthermore,
. Also recall that, by definition, we can write
For N ≥ 3 let β = (D − 2)/2. Due to the particular form of the potentials, we define for ρ > 0, R > 0 and f :
In the sequel we consider η β 1 and η β 2 and definẽ
We make use of two different sets of assumptions in this article. With the notation above, they are:
and for some r 0 > 0
holds, where 
Main Results
We first motivate the usefulness ofK We integrate over t, use ρs + |x| − |ρs − |x|| ≤ 2|x| and the conclusion follows for v. In similar a fashion we establish
Integration by parts and using the inequality (1 + s 
loc gives UCP from sets of positive measure. This is a consequence of the proof of Theorem 5 (Θ 1 is under this assumption an element of L 3/2 loc ). Remark 7. An immediate corollary for atoms is that H N ψ = eψ has the strong UCP and the UCP from sets of positive measure when v(
loc and furthermore, with the choice x 0 = (x, . . . , x) ∈ R D , we have
The calculations in Remark 3 can easily be modified to show V, U ∈ K
Proof of the theorems
Proof of Theorem 2. A direct computation gives for j = 1, 2, that
This demonstrates that
Corollary 3 is immediate from Theorem 2. To prove the remaining theorems we need the following lemma.
Furthermore assume, for some r 0 > 0,
holds. Then if ψ satisfies
and vanishes to infinite order at x 0 , it follows that ψ = 0 a.e.
Proof of Theorem 4. Suppose Assumption 1. Let n = 3N andW = W − e. By assumption, (6) is then fulfilled. The choiceÃ = A implies T A = (i∇ +Ã) 2 and (2) can be written as
since F contains N repeated blocks of sub matrices of the form
This establishes (5) . From (4),W = W − e and (8), we conclude that (7) holds. Lemma 6 gives the strong UCP for (2) and the proof is complete by Corollary 3.
Proof of Theorem 5. Suppose Assumption 1 or Assumption 2. In either case the strong UCP holds for (2) by Theorem 4.
Next, we follow [7] and [8] (more specifically the proof of Theorem 1.2 given after Lemma 3.3 in [7] and Lemma 3.1 in [8] ). The set of infinitely differentiable functions with compact support on X is denoted by C ∞ c (X) and the characteristic function of X by χ X . We start by showing the following inverse Poincaré inequality for solutions of the Schrödinger equation
For an arbitrary point x 0 ∈ R D and r ≤ r 0
Here C is a positive constant that depends on r 0 > 0, v and A (but is independent of u ≥ 0).
In the Schrödinger equation (3), we choose ϕ = h 2 ψ and move all terms except one to the right hand side so that
We now bound each of the terms of the right hand side in (10) . It is immediate that the first term is less or equal to 2||h∇ψ|| 2 ||ψ∇h|| 2 . Using the inequality 2ab ≤ a 2 /6 + 6b 2 , we obtain an upper bound
To continue, let
The Cauchy-Schwarz inequality together with 2ab ≤ a 2 /6 + 6b 2 yield
For the last term of the right hand side in (10), we use the definition of W A and write e − W A = e − W − |A| 2 − i(∇ · A). Thus 
Define Θ = V − + |e| + 6|A| 2 + |∇ · A|, from (11), (12) and (13) we obtain an upper bound for the right hand side of (10) given by 1 3 R D |h∇ψ| 2 dx + 6||ψ∇h||
With the notation Θ 1 = v − + N −1 |e| + 6|A| 2 + |∇ · A|, the inequality Θ(x) ≤ N j=1 Θ 1 (x j ) holds. Furthermore, we have
where the last equality defines I 2 . By assumption v − ∈ L The result follows now by the strong UCP.
